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Abstract 

Hilbert-Efimov theorem states that any complete surface with curvature 
bounded above by a negative constant can not be isometricaUy imbedded in 
K^. We demonstrate that any simply-connected smooth complete surface with 
curvature bounded above by a negative constant admits a smooth isometric 
embedding into the Lorentz-Minkowski space R^'^. 

1 Introduction 

Many closed convex surfaces can be easily found in M'^. In 1906, Weyl[20j posed 
the problem whether an abstract compact smooth simply-connected two dimensional 
Riemannian manifold with positive curvature could be realized in M^. The problem, 
named after Weyl, was investigated by Weyl-Lewy-Alexandrov, and finally resolved 
(in smooth category) by Nirenberg |i7j and Pogorelov [18j independently. 

The generalization to nonnegative curvature case was done by Guan-Li [7] and 
Hong-Zuilly |14j . and only C^'^ imbedding was obtained. For local isometric em- 
beddings, there were important breakthroughs of Lin [T5] [T6], Han-Hong-Lin |12) . 
Han [9j [10\. The reader is refereed to the survey articles Hong jj^j, Yau |2l] and 
the book Han-Hong [TT] , 

The story is completely different for surfaces with negative curvature, the famous 
Hilbert-Efimov theorem ([8], [2]) asserts that any complete surface with curvature 
bounded above by a negative constant can not be realized in R^. 

On the other hand, the hyperbolic plane admits a canonical smooth isometric 
embedding in the 3-dimensional Lorentz-Minkowski space M?'^ as a unit imaginary 
sphere x'^ — ixf+x'^) = 1. Here M?'^ is equipped with metric ds'^ = dx\+ dx^ — dx\. 
Instead of the Euclidean space M^, it is proved that the Lorentz-Minkowski space M^'^ 
is the appropriate ambient space for the isometric imbedding of strongly negatively 
curved surfaces. 

The problem of isometric embedding of surfaces with boundary into M^'^ actually 
has been studied by B. Guan |4j. The author proved that the smooth metric of 
negative curvature on 2-disc T> with boundary &D of positive geodesic curvature 
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admits a smooth isometric embedding X : P — )• M^'^ with planar boundary X{d'D) C 
M^. The purpose of the paper is to find global isometric embeddings for complete 
surfaces. The main result is the following: 

Theorem 1.1 Let {M,g) be a smooth two-dimensional simply- connected complete 
Riemannian manifold with curvature K satisfying 

K < -Ci (1.1) 

for some positive constant Ci > 0. Then there exists a smooth isometric embedding 
X : M ^ M^'^, and the spacelike submanifold X{M) is a graph over C M?'^ : 
(xi,X2,0) — )• (xi, X2, Z{xi, X2)) satisfying 



xj + xl< Z{xi,X2) < ^^ + xl + xl (1.2) 

Remark 1.1 It is likely that the solution of the isometric embedding problem is 
far from being unique if we drop the restriction lll.^) (or /il.8\) below). Actually, a 
remarkable fact (see 15]) is that there are many distinct isometric embeddings for the 
hyperbolic plane into M^'^, some of them even have unbounded second fundamental 
forms and violate 1^1.0) (or 1^1.^) ). In this sense, the isometric embedding provided 
by Theorem \1.1\ or the following Theorem is rather special. The construction 
and classification of all other exotic embeddings deserve a further study. 

The following Theorem 11.21 refines the previous one, it handles the estimate of 
extrinsic geometries of the embedding. The estimate is not trivial, it holds for the 
particular embedding constructed in the theorem. Note that by Remark 11.11 it is 
possible that some exotic embeddings may violate the estimate. Theorem [L3] asserts 
the uniqueness of these particular embeddings. We remark that the boundedness 
of the second fundamental form is not sufficient to guarantee the uniqueness of the 
isometric embedding. 

Theorem 1.2 Let {M,g) be a smooth two-dimensional simply- connected complete 
Riemannian manifold, whose Gauss curvature satisfies 

-C2<K<-Ci, (1.3) 

.„p m:4M,c„ (1.4, 

dix,y)<i d{x,yy 

for some positive constants C2 > Ci > 0, 1 > fi > 0, > 0. 

Then there exists a smooth isometric embedding X : M — )• M^'^ such that the 
spacelike submanifold X (M) is a graph over's? C M^'^ : {xi,X2,0) — )• {xi, X2, Z{xi, X2)) 
satisfying 

i) 

■^+xl + xl< Z{xi,X2) < ^ + xl + xl; (1.5) 

ii) \ A\ < C, where A is the second fundamental form of the submanifold X(M), 
constant C only depends on Ci, C2 and C^. 
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Remark 1.2 // the curvature covariant derivatives up to order I are assumed to be 
bounded in Theorem \1.2\ i.e. 

I 

Y,\'^^K\<Ci (1.6) 

p=0 

for some / > 1, then the covariant derivatives of the second fundamental form of 
X{M) up to order I — 1 are also bounded 

l-i 

sup J];|VM|(x)<C (1.7) 
for some C depending only on Ci. 

Theorem 1.3 Under assumptions of Theorem M.SX let X be the isometric imbedding 
constructed in Theorem \l.S\ . Then 

i) let X be another isometric embedding of {M,g) into M^'^ such that X{M) is 
represented as an graph 



yl + yl<Z{yi,y2)<\j^ + y\ + yl (1.8) 

in some Lorentz- Minkowski coordinate system {yi, 2/212/3}) then there is an isometry 
L £ Iso(M?'^) such that X = loX; 

a) there is an injective homomorphism p : Iso{M,g) — )■ Iso{M.) C Iso{M?'^) such 
that 

X o ^ = p(^) o X 

for any 7 G Iso{M,g), where Iso{M,g), Iso{M.), Iso(U?'^) are the groups of isome- 
trics of M, the unit imaginary sphere in M^'^ and M?'^ respectively. 

We discuss the proof of the Theorems. It is reduced to solving certain equation 
of Monge- Ampere type: 

on the whole manifold M. The corresponding Dirichlet problems may be solved on 
a sequence of exhausting domains il; with some particular boundary values. The 
problem amounts to derive certain uniform a priori estimates for these solutions 
ui. The bulk of the present paper is devoted to these estimates. Historically, there 
were two sorts of methods to derive the second order derivative estimate (for Weyl 
problem or Minkowski problem). The first one was developed by Weyl, Nirenberg, 
Pogorelov, Cheng- Yau etc., the second one was done by Lewy and Heinz. The former 
is straightforward and works for higher dimensions, but the argument is hardly to 
be localized. The latter one is complex in nature, but the estimate is purely local 
estimate, although it is hardly to be generalized to higher dimensions. 

The structure of the paper is the following. In section 2, we outline a sketch of 
the proof and derive the zero and first order estimates. In section 3, we derive the 
second and higher order estimates, and Theorem 11.11 is proved in this section. The 
proof of Theorems 11.21 [L3l will be given in section 4. In the appendix, we supply an 
alternative, straightforward argument for the second order derivative estimate. 
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2 Zero and first order estimates 



2.1 Sketch of proof 

Suppose X : M — 7- M^'^ is an isometric embedding, then X{M) is a spacelike sub- 
manifold and the Gauss-Codazzi-Weingarten equations read as follows 

ViVjX = hijfi, 

Vifi = hijg^^Xk, ^2 1) 

Rijkl = —{hikhji — hiihjk), 
^ihjk — ^ jhik^ 

where n, /ijj, Rijki are the normal vector, second fundamental form and the curvature 
tensor respectively. 

Let u = —^{X,X), where (•,•) is the Lorentz-Minkowski metric. By ()2.ip . we 
have 



V,u = -{X,Xi), 
ViVjU = -hij{n,X) - Qij. 



(2.2) 



Since 



= Y,9''{X,X,){X,Xj) - {X, 

i=l 

= |Vn|2 - {X,nf, 



ft? 



then 



(X,n)2 = |Vn|2 + 2m. (2.3) 
Combining ([H]) ([22]) and ([23]), we get 

det(V2u + g) 



det{g) 



-Kg{\Vu\' + 2u). (2.4) 



Note that equation (|2.4p satisfied by the function — ^(X, X) is an intrinsic one 
defined on {M,g). 

Conversely, if we can solve equation (j2.4p . and get a bounded positive solution u 
of (|2.4|) on M, we will show in the following that this yields an isometric embedding 
X : {M,g) M^.i ^^^^^ ^^^^^ = u. 

To construct this isometric embedding, we need to introduce the polar coordi- 
nates in the open future timelike cone X+ = {(xi, X2, 2:3) G M^'^| y^x^ + 3?| < X3}. In 
this polar coordinate system, the Lorentz-Minkowski metric takes the form 

- dr^ + r^dsl, (2.5) 



where r = y^x^ — — and dsg is the hyperbolic metric(ir = —1) of the unit 
imaginary sphere: r = 1. 

Proposition 2.1 For a positive function u on M, define a new metric 

_ _ g+ {dV2uf 
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on M. The Gauss curvature Kg of g is given by 

Kg = -1 + ^^ ^ J ' (2.6) 

Proof. The Gauss curvature of the metric gi = g + (d\/2u)^ can be computed by 
the formula (see ^4], |il3j ) 

1 ^ det(V2V2^) , 



l + |VV2^|2' ^ det(5)(l + |V\/2^|2)'' 

From the curvature formula of conformal transformation 5 = fj^, a straightforward 
computation shows 

Kn 1 

"l~ ^ lrT..|2 , 



2ii 2n (1 + iv«pp 



2u 

□ 



Remark 2.1 // we can solve i2.4\ ), and u is a bounded positive smooth solution, 
then the metric g in Proposition \2.1\ is complete and has constant curvature —1. 
Hence there exists an isometry i : (M, 5) — t- H = {r = 1} and we can construct an 
embedding I : {M,g) — X+ C M^'^ as I{y) = (i(y), y^2u{y)) in the polar coordinate 
system li2.5\) . It is clear that 

r{-dr'^ + r^ds'^) = - {dV^f + 2m* (d4) 

= - {dV^f + 2ug (2.7) 

which shows that the map I is the desired isometric embedding. The regularity of 
the embedding I follows from the regularity of u. 

Hence the proof of Theorem 11.11 mav be reduced to solving equation (j2.4p . The 
result to be proved is the following: 

Theorem 2.2 Under the assumptions of Theorem M.li equation {2.^^ has a smooth 
bounded positive solution u such that Q < u < 

The following strategy will be adapted to solve equation (j2.4p . We first solve the 
equation (j2.4p on a sequence of compact smooth exhausting domains ili CC CC 
• • • . Let ui be the solution on Fix xq G M, we will show that for any nonnegative 
integer A; > 0, there exists a constant > such that 

sup \ui\ck(^Bixo,k)) < Dk, (2.8) 

niDB{xo,k+l) 
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where the norm C^{B{xo,k)) can be defined on some (and any) fixed finite coor- 
dinate covering of B{xo,k). Once (j2.8p has been obtained, we can extract a subse- 
quence of ui by Arzela-Ascoli theorem such that the limit is a smooth solution of 
equation ()2.4p . 

Indeed, we choose simply Qi = B{xq,1) and consider the Dirichlet problem 



' det(V2'u + g) 
^ \dB{xo,l) 



Kg{\Vuf + 2u). 

(2.9) 
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where C2(/) = inax {—Kg{x)). 

x(iB(x{i,l) 



2C2(0 



Clearly, (j2.9p has a subsolution uq = 202(1) ' 

det(g) - +2^0)- 

By continuity method, this implies that (see [3J) (|2.9p admits a smooth solution 
which satisfies ui > uq and V^w/ + (7 > 0. 

The main task of the subsequent sections is to derive a priori estimates for the 
solutions ui so that (j2.8p holds. For convenience, we drop the subscript I from ui 
and ill in the process of computations. 

2.2 Zero and first order estimates 

Proposition 2.3 The solution u of the Dirichlet problem 12. 9\} satisfies 

Proof. By applying maximum principle to u, we have 

< u < max|sup( — ), | < 



2C2{1) - - n ' 2Kg"2C2{l)' " 2Ci 

□ 



Proposition 2.4 (Ist-Order Estimate) The gradient of the solution u of \2. 9^) sat- 
isfies 

|Vu| < -3=. (2.11) 

Proof. We choose ^ = 2c|(I) + "^^^^ ~ d{xQ,-)) as a barrier function. Clearly ^ 
satisfies ^ \dn= 202(1) \^^\ — Hessian comparison theorem, we have 

= ^Ad < -2. 



On the other hand, from V'^u + g > 0, we know that 

Ati + 2 > 0. 
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Hence A(ii — ^) > on il. The maximum principle implies that u < ^. Therefore 
we have 

\yu\ \en< |VC| < (2.12) 

Now we consider the quantity |Viip + 2n. The maximum max(|Viip + 2ti) is achieved 

n 

either on the boundary or in the interior of the domain. In the former case, the max- 
imum is bounded by ^ + by (j2.12p . In the latter case, suppose the maximum 
is achieved at some point x £ Q. Since 

= Vi(|Vn|2 + 2u){x) = 2(u^j + 5'*j)%(S) 

and Uij + gij > 0, it follows that |Vii|(x) = 0, and therefore 

max(|Vn|^ + 2u) < max2n < — . 
n n Ci 

Combining both cases, we get 



1^ , r 2 / 1 1 , 

sup |Vn| < max {^^=, , / — } 



□ 



Propositions l2.3l and l2.4l state that the function u and its gradient can be bounded 
from above by a constant independent of the domain ^li. Before estimating the lower 
bound of u, we need to construct cutoff functions around points where the values of 
u are not too large. 

Lemma 2.5 Fix x G M, suppose there exist a real number tq > and a solution u 
of Ii2. 9)) defined on domain ^li D B{x,ro) satisfying 

u{x) < (2.13) 

2 / max {-Kg{y)) cotli{ max {-Kg{y))ro) 

Y y&B{x,rQ) Y y&B{x,ro) 

Then there are a domain Qx C i?(x, ro) containing x and a function ip^ S C^iQx) 
such that 



2^/c^coth(^ro)' 

if > on B{x, ^ , 

\dQ,= 0, 
^^) |V(^-| < 

Hi) VV* > -(V^n + c/), 
where C2 = max {—Kg{y)). 

y&B{x,ro) 
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Proof. Set 



2^rocoth(^ro)' 2^coth(^ro) 



and 



2^coth(^ro) 

Then 99^ satisfies i) and ii). To check that ip^ satisfies iii), we use the Hessian 
comparison theorem 

V'^(f{x, •) < 2^d{x, •) coth(^d(x, 



to conclude that 

The proof of Lemma 12.51 is completed. □ 



Proposition 2.6 (Lower bound of u) For any x € M, ro > 0, assume the solution 
u of 12. 9\) is defined on a domain 0, D B{x,ro), then we have 



u{x) > min{- 



4 / max (— cothf may: (—K(,(x))rQ) 

Y Bix,ro) Y B(x,ro) 

36 max (— K'„(x)) coth^( / max (—Kq(x))ro) (^-1^) 

B{x,ro) Y ^(*'^o) 



32 max {—Kg{x)) 

B(x,ro) 



Proof. Assume 

u{x) < _ "° . (2.15) 

4 / max (— K'qfx)) coth( max. (—K„(x))rQ) 

\jB{x,rQ) \l B{x,ro) 

Clearly the condition ()2.13p holds for this tq. Consider the quantity ^ around x, 
where = (p^ he the cutoff function in Lemma 12.51 Suppose the minimum of ^ is 
achieved at some point x £ supp(C)- At the point x, we have 

Vu vc 



^ , (2.16) 



and 



C u c 

Diagonalize Uij = Xi6ij at x with an orthonomal basis. It follows from (|2.16p and 
(IZTTll that 



< ^2 



+ Ai n v/(l + Ai)(l + A2) 

^2C 1 , (2-18) 

u 



^(-K,)(|VC|2f| + 2(f)C)' 
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Denote 



A = 2J max {—Kg{x)) coth( / max {—Kg{x))ro). 

B{x,ro) \ B{x,ro) 



Combining (j2.18p and Lemma 12.51 we have 

2C, 1 
-2 < — 1 - 



(2.19) 



If + < 1, by dZIS]) we get 



- > 1. (2.20) 



On the other hand, if {—Kg){^'^ + ) ^ ^' direct computation shows 



u A 2Ciro, 

C - "^'"^16ro max {-Kg{x)y ^^'^'^ 

x£B{x,ro) 



Combining (p?20]l and (|MT]l . we have 



« . . r, 2Ciro 

— > mm-^ 1, ^-rr, : — {■ 

(- ^ ' 16ro rnax {-Kg{x))' 9A ^ 

x£B(x,ro) 

In particular, this imphes 

..... rro 1 Cirg 

^2A'32 rnax {-Kg{x))' 9A^ ^ 

x£B{x,ro) 

The proof of Proposition 12.61 is completed. □ 



Corollary 2.7 For any tq > 0, there is a constant C depending only on tq and Ci 
such that 

"(^^ - max1'-i^,(x))' (2-22) 

B{x,ro) 

for any solution u to h2. 9\l defined on Q D i?(x, rg). 



3 Second and higher order estimates 

In this section, we will give a purely local second order derivative estimate. This 
estimate could be done by Heinz-Lewy "characteristic" theory for Monge-Ampere 
equations in dimension two. The reader is referred to the lecture notes |19j by F. 
Schulz for detailed exposition. To state the result in [19], we consider the Monge- 
Ampere equation for a function z = z(x, y) on a domain P C : 

{zxx + C){zyy + A) - {z^y " B)^ = K {x , y , z) D {x , y , z , , Zy) > 0. (3.1) 
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where A, B, C, D are functions of x, y, z,p, q, and p = Zx,q = Zy. 
Assumption i) z G C^'^(P) and 

\zx\ + \zy\<}Ci. (3.2) 

Assumption ii) A,B,C e x M^), K G C^(P x R), for some < ^ < 1, 

D eC^Vx R3) and 

|A| + |S| + |C7| + |D| <^i, (3.3) 

A',Z)>^, (3.4) 

\dvxR^A\ + --- + \dvxR^D\<A3, (3.5) 

l-f^lc'CDxK) < -^4- (3.6) 
Assumption iii) The functions 



(/)i(x,y) = ^p, 
4'2{x,y) = Ag + 2Bp, 

(l>3{X,y) = Cp + 2Bg, 

Mx,y) = Cq 



(3.7) 



are Lipschitz continuous with 

[^i]o,i + --- + l^^]o,i<-^5- (3.8) 



Theorem 3.1 (Theorem 9.4-1 in J19^]) Suppose z G C^'^{'D) is a solution of 113. 1\) 
such that the above Assumptions i), ii), iii) hold with the constants }Ci,A\, ■ ■ ■ jA^. 
Then z G Cf^^{'D), and for any V CCD there is an interior estimate 

\\d'^4c('{V') <C{n,K:i,Ai---A5,dist(p',dV)). (3.9) 

For any x G M, to invoke the result in [12], we fix a local coordinate system 
(x, y) G V in M around x. Take z{x, y) to be solution u{x, y) of equation (j2.9p 
defined on 0, D T>. Then we find 

A = g22- r22Pfc, 
B = -912 + Tl^Pk, 

C = gii+T\^Pk, (3.10) 

D = g'^^PkPi + 2z, 
K{x,y,z) = -Kg{x,y)det{gij), 

where pi = p,P2 = Q- 

Note that by Propositions 12. 3i 12. 4| 12.61 we have estimated the upper bound of u, 
Vu and the lower bound of u in the coordinate system D, this gives rise to a control 
of the constants ICi,Ai ■ ■ ■ A^ in terms of the geometry of {T>, g). From Theorem l3.lt 
we have immediately 
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Proposition 3.2 For any nonnegative integer k >0, there exists a constant Dk > 
such that 

sup \ui\c2.^^B{xo,k+^)) ^ ^k, (3.11) 

where the norm C^'^{B{xo,k + ^)) can be defined on some (and any) fixed finite 
coordinate covering of B{xo, k + 

We proceed to consider the third and higher order estimates (j2.8p . This may be 
done by standard Schauder estimate for elliptic equations. 

Proposition 3.3 For any nonnegative integer k > 0, there exists a constant Dk > 
such that 

sup \ui\c'={B{xo,k)) < Dk, (3.12) 

niDB(xo,k+l) 

where the norm C^{B{xo, k)) can he defined on some (and any) fixed finite coordinate 
covering of B{xo, k). 

Proof. By (12. 9j) . we see that VjU satisfies an equation of the following type 

g'"'v,m = f{x,v,Vv), (3.13) 

where g = V'^u + g. By previous second order estimate, we know ()3.13p is uniformly 
elliptic on B{xq, /c + ^) and the norm of g and / are uniformly bounded (inde- 
pendent of I). The result follows from the standard interior Schauder estimate and 
bootstrap argument. □ 

Proof of Theorem\2.2l By Proposition 13.31 and Arzela-Ascoli theorem, we may ex- 
tract a convergent subsequence of ui. The limit is the desired solution. □ 
Theorem 11.11 follows from Theorem 12.21 (see Remark 12. ip . 



4 Proof of Theorems 11.21 and 11.31 

The proof of Theorem 11.21 is based on Proposition 12.31 and Theorem 13.11 and the 
following result. 

Proposition 4.1 Under the assumptions ^.3\) 11-41 ) '^f Theorem there exists 
R > 0, such that M admits a covering of isothermal coordinate charts {{Ui, (u^, u^))} 
with Ui = {{u^f + (u^)^ < R"^} such that 

1) for any yo £ M, there is an Ui^ with yo G {(u^)'^ + {u^Y < ^} ^ f^io? 

2) in each Ui, the metric g of M takes the form 

g = i;[{du'f + {du^f], 

and it satisfies 

c"^ < V < c, 

where c and c^ are constants independent of i. Moreover, if the additional M.(?^) is 
satisfied, we have 

IV'Ic'+i.^CC/,) < fo^ o'^y " ^ (0> 1)> (4.2) 

where ci a are constants independent of i. 
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Proof of Theorem\1.2[ By Proposition 12.31 and Theorem ll.H we know there exists 
a smooth isometric embedding X : M — )• M^'-*^ such that u = —^{X,X) satisfying 
2^ ^ u < Let R be the constant provided in Proposition 14.11 Let the coordi- 
nates (x, y) in equation (j3.ip to be the isothermal coordinates (n^, n^) in Proposition 
14.11 z{x,y) = u{x,y), and V = {x^ + y^ < In these coordinates, (|3.10p becomes 

A = tp- T22Pk, 

c = v + r^iPfc, (4.3) 

D = ^p-\pl+pl) + 2z, 
K{x,y,z) = -Kg{x,y)'4j^. 

Estimate (j4.ip and the Proposition l2.4l implv that there is a constant C depending 
only on Ci, C2, such that the constants in ()3.2p - ()3.8p can be bounded by C 

/Ci,^i, • • • ,^5 < C"- 

Theorem 13.11 implies \diju\(^^f^^^Q r-^-^ < C. Combining this with ()4.ip particularly 
gives \hij\ < C. This proves ii) in Theorem 11.21 □ 

If the additional higher covariant derivatives bound ()1.6p is assumed, notice that 
72\) holds, then ()1.7p follows by the same argument in Proposition! 



Proof of Theorem\1.3\ After an isometry I of M'^'^, loX{M) can be pinched between 
the light cone and a hyperboloid associated to X, and we can define u = — ^(?oX, lo 
X), which satisfies < n < C. 

Using the polar coordinates in Remark 12.11 we know that ? o X is determined by 



u and an isometry i : (Af, £+(^1^^ jj^ Xo show that lo X is congruent to X, it 
suffices to show that u = u. Indeed, once we have u = u, then l o X = a o X, where 
a = ii-^ e Iso{M.) C /so(M2'1). Then X = loX, where t = o a. 

We need some a prior estimates of u up to second order. The powerful tool is the 
Cheng- Yau's maximum principle ^J, since the curvature is assumed to be bounded: 
for any function F bounded from above, there is a sequence of G M and 
Efe — )• such that 

a) supF - F{xk) < Ek, 

M 

b) |VF|(xfc)<efe, (4.4) 

c) V V(xfc) < Ekg. 

Applying the above maximum principle to u and —u, we immediately know 

1 1 

<u< 



2C2 - - 2Ci 

We claim that the gradient of u is also bounded, and more precisely, it satisfies 
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Indeed, for any x S M, let 7 be a geodesic of unit speed such that 7(0) = x. we 
would like to control o 7)(0)|. By the convexity of the function u + ^(P{x,-), 
we know 

t\j^{u o 7)(0)| < max{n(7(t)) - u{-f{0)),u{-f{-t)) - u{-f{0))} + ^ 

It follows that I ^(tt o 7)(0)| < ■^== by taking t = -y^- This implies |Vn|(x) < -y^, 
and the claim is proved. 

Combining the gradient estimate of u with the proof of Proposition [321 we know 
that |V^?i| is bounded. 

Summarizing the above estimates, it follows that there is C > such that 

^<ut<C, \Vut\ < C, V\t + 9> (4.5) 

where ut = u + t{u — u), t G [0,1]. 

Note that u and u satisfy the same equation (12. 4p . this implies 

^ _2 , ^2 / X f'^ 2{Vut,V(u-u)) +2(U-U) , , 

Let F = n - n in (|4.4p . combining (|4.4p with (|4.5p (|4.6p . we have 

Csk > sup('U — u). 

M 

This gives u> u. Similarly, we have u < u. Hence u = u. 

To prove ii), one can show u o ^ = u for any 7 E Iso{M,g) by the above 
Cheng- Yau's maximum principle (|4.4p . This implies Iso{AI,g) C Iso{M,g), where 



9 ~ ^^^\u^^ ■ '^^^ injective homomorphism p : Iso{M,g) — t- Iso{M.) is given by 
Pil) = i o 7 o □ 



5 Appendix 

The purpose of this appendix is to give an alternative method for second order 
estimate. The argument we present here is classical, straightforward, and may be 
generalized to higher dimensions (see [6]). The price to be paid is that this method 
requires some geometry of the background manifold. It works well on those points 
where the values of u (solution of (|2.9p l are not too large, comparing to the local 
geometry. 

Proposition 5.1 There exists C > depending only on Ci satisfying the following 
property. Fix x G M, suppose there exist a real number rg > and a solution u of 
112. 9\) defined on domain D B(x,ro) satisfying 

u{x) < _ (5.1) 

2 / max {-Kg{y)) coth.{ max {-Kg{y))rQ) 
\ y&B{x,ro) \ y&B{x,ro) 



Then 



Cc' 

{g + V\){x) < J " — (1 + + 4(1 + ^ + C3^)), (5.2) 
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C2 = max {—Kg{x)), c'2 = max {—Kg{x)) 



2, . r...., (5-3) 



C3 = max \V log{— Kg {x))\, 04= max |V log{—Kg{x))\ 

x£B{x,ro) x&B{x,ro) 



Note that by Proposition 12.31 condition (|5.ip can be justified at each x (for 
suitable ro) when the curvature K satisfies 

- Cl{d{x, xo) + Csf < K{x) < -Ci (5.4) 

for some xq £ M and positive constants < C2 < Ci < C3. 
Proof of Proposition \5.1[ Consider an auxihary function: 

( STM R 

[ (^,^) ^ + v^^n)e§(l^"l'+2")W, ^^-^^ 

where x G M, 7 G T^M, \ j\ = 1, STM is the unit tangent bundle of M, 77 is a cutoff 
function on M and a > 1 is a constant to be specified later. Suppose the maximum 

max ?7(l + V^-,n)et(l^"l'+2«) 

(x,7)e5TM 

is achieved at x G supp(r/) for some 7 G T^M with I7I = 1. Diagonalize Uij = \i5ij at 
X with the orthonormal eigenvectors e^. Let ei = 7. Parallel transport each along 
radial geodesies, we obtain a field of orthonormal frame {ei} near x. The function 
= r]{l + Vei,ei'u)e2 "''^"^ defined near x achieves its maximum at x. In the 
following, we use C to denote various big constants depending only on Ci. 
At the point x, we have 

= Vilogw = p^ + ail + Xi)ui + ^, (5.6) 
1 + Ai 77 



> Vij log w =—^^ , ■ .0 + a{ukVijkU + (Ai + Xt)6ij] 

i + Ai (i + Aij^ 

~r r, 



(5.7) 



Let / = f{x,z,p) = log{—K) + log(|V?ip + 2ti)), where z = u,p = Vu. Differen- 
tiating the equation (|2.9p . we get 

Vkf, (5.8) 



1 + A, 



1 + Ai (1 + Ai)(l + Aj 



fii. (5.9) 
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Combining ()5.7I) . (15.81) . (I5.9p and Ricci formula, we have 



{i + Xi)v {i + KW 

+ Xi + Xf){l + X 



+ rVv['?TT^ ~ a{RijipUpUj + Xi + Xf){l + Ai 



(Vji?jilp + ^ lRilip)Up — 2Riiii{Xi — Aj)] 



(1 + Ai)(l + A,) 
> /ii + anj Vj/(1 + Ai). 

By direct computations, we have (at x) 



2 Vr? 
fu + aukVkfil + Ai) >-—^-—{Vu, -aVu + Ai) 

+ log(-E:)n + a(Vlog(-K), Vn)(l + Ai) 
a(l + Ai)|Vu|2 8(|Ai| + l)2 R^juujui 



|Vu|2 + 2n |Vu|2 + 2n |Vn|2 + 2it' 
By (|5.6p . we have 



a + X^W 7?2 ^(i + Ai)(l + A,) 



Note that 



2a(l + Ai)V,u^ - 0^(1 + Ai)(l + Xi)ul 



\Vu\ \Vr]\ 
1X71412 + 2^ r] 



- (1 + A,)(l + A,) ^ (1 + Ai)(l + A,) ^ (1 + Ai)(l + AO 
>-4 ,J,;^' ... ^(1 + Ai), 



and 

1 



1 + A, 



+ Xi + Xf){l + Xi) 

i + Aj 

2m 



■[— (Vii?iiip + ^iRiiip)up — 2Riiu{Xi — Xi)] 



Multiplying both sides of (jS.lOp by rj'^, combining (|5.1ip - (|5.15p . we get 
Li(l + Ai) V - ^2(1 + Ai)r/ - L3 < + Ai) j^''"^ 



•^1 - + Ai 
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where 



Li 



2u 10 

|Vn|2 + 2u ~ iViiP + 2u 



(5.17) 



= ^'WWT^ + 2a|V.|)|V,| + 2a, + ^jj^a, 
+ a|V log(-i^)|| Vn|r/ + --^I^^|V log(-i^)|r?, 
Ls = \V,\' + r?^^ log(-i^)| + 2K^^^^l±^rj\ 

Note that by ()5.ip . Lemma 12.51 is apphcable. Choose the cutoff function rj in 
(jS.Sp to be in Lemma |2.5| and consider the maximum of the quantity w on Q^. 
From iii) in Lemma 12.51 we have 



^(l + ^i)ET^^2(l + Ai)r/. (5.18) 



1 

i>l 

Since u{x) > C^^C2 ^ by Coroharv 12.71 choosing a = Cd^ in (j5.17p and combin- 
ing Lemma l2.5t we have 

-^1 > 1 ^ > 2Ci, 

- |Vn|2 + 2ii - ' 

?"0 , 



i2<c'2(l + -^ + C3-^), (5.19) 



I n 



i^3<C(l + C4)^ 
C2 



From ([536D . (f5lB . (l5lB . we have 



n ^ X W / /2^3 2(L2 + 2), 
(1 + Ai)r/ < maxjy — , ^- } 

< C(l + VC4^ + C2(l + + C3^)). 



(5.20) 



Combining Lemma 12.51 i) and (|5.20p . we have 
(1 + Ai)(x) < 



gCc'2 



X 1 + \/cI^ + C2 1 + ^ + ) 



on S(x, ^^2y^coth(^.o) ^ 

The proof of Proposition 15.11 is completed. □ 

Remark 5.1 The most computations in this section are just modifications of those 
in the classical theory of Monge-Ampere equations. A closer reference is j^, where 
the Dirichlet problem of real Monge-Ampere equations on manifolds has been sys- 
tematically studied. The observation is that these estimates could be localized under 
certain geometric conditions. 
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